Abstract. Let Γ be a countable abelian semigroup satisfying a suitable finiteness condition, and let L = L α∈Γ L α be the free Lie algebra generated by a Γ-graded vector space V over C. In this paper, from the denominator identity, we derive a dimension formula for the homogeneous subspaces of the free Lie algebra L = L α∈Γ L α , and discuss numerous applications of our dimension formula to various interesting cases. Our dimension formula will be expressed in terms of the Witt partition functions. Various expressions of the Witt partition functions will give rise to a number of interesting combinatorial identities. As a special case, we obtain a recursive relation for the coefficients of the elliptic modular function j.
Introduction
Let V be an r-dimensional vector space over C and let L = F (V ) be the free Lie algebra generated by V . Then the Lie algebra L has a Z >0 -gradation L = ∞ n=1 L n by setting degv = 1 for all v ∈ V . The dimensions of the homogeneous subspaces L n are given by the Witt formula
where µ is the classical Möbius function (cf. [Bo] , [J] , [Se] ). The main ingredient of the proof of the Witt formula is the following identity:
which is a consequence of the Poincaré-Birkhoff-Witt Theorem. We will interpret the above identity as the denominator identity for the free Lie algebra L = ∞ n=1 L n .
In this paper, we work in a much more general setting. Suppose Γ is a countable abelian semigroup such that every element α ∈ Γ can be written as a sum of elements in Γ only in finitely many ways. Let V = α∈Γ V α be a Γ-graded vector space over C with dimV α = d(α) < ∞ for all α ∈ Γ, and let L = F (V ) be the free Lie algebra generated by V . Then the Lie algebra L has a Γ-gradation L = α∈Γ L α induced by that of V . The main purpose of this paper is to derive a closed form dimension formula for the homogeneous subspaces L α (α ∈ Γ), and to discuss a number of applications of our dimension formula to various interesting cases.
In Section 1, we start with an interpretation of the Euler-Poincaré principle for the homology modules over graded Lie algebras as the denominator identity for the graded Lie algebras. In particular, if L = α∈Γ L α is the free Lie algebra generated by a Γ-graded vector space V = α∈Γ V α over C with dimV α = d(α), then the denominator identity for the free Lie algebra L is equal to
Now, using the formal power series log(1−t) = − ∞ k=1 t k k and the Möbius inversion, we will derive from the denominator identity a nice closed form dimension formula for the homogeneous subspaces L α (α ∈ Γ) of L (Theorem 1.1. See also [Ka1] and [Ju] ). Our dimension formula will be expressed in terms of the Witt partition functions associated with the partitions of the elements in Γ. In many cases, by taking the logarithm of the righthand side of the denominator identity, we will be able to obtain simple expressions of the Witt partition functions. Moreover, various expressions of the Witt partition functions will give rise to a number of interesting combinatorial identities.
In Section 2, we recover the Witt formula as a special case of our dimension formula, and consider a "1-dimensional generalization" of the Witt formula. More precisely, let V = ∞ i=1 V i be a Z >0 -graded vector space over C with dimV i = d(i) < ∞ for all i ≥ 1, and let L = ∞ n=1 L n be the free Lie algebra generated by V . Then the dimensions of the homogeneous subspaces L n are given by the formula
where T (n) denotes the set of all partitions of n into a sum of positive integers (Theorem 2.2).
Similarly, in Section 3, we consider a "2-dimensional generalization" of the Witt formula. That is, let V = ∞ i,j=1 V (i,j) be a Z >0 × Z >0 -graded vector space over C with dimV (i,j) = d(i, j) < ∞ for all i, j ≥ 1, and let L = ∞ m,n=1 L (m,n) be the free Lie algebra generated by V . Then the dimensions of the homogeneous subspaces L (m,n) are given by the formula
where T (m, n) denotes the set of all partitions of (m, n) into a sum of ordered pairs of positive integers (Theorem 3.1). Applying the above generalizations of the Witt formula to various special cases, we obtain simple expressions of the Witt partition functions. Moreover, we derive a number of combinatorial identities which relate the various Witt partition functions.
Finally, in Section 4, we interpret the product formulas for formal power series as the denominator identities for graded Lie algebras. As a special case, we consider the elliptic modular function
As a consequence of the product formula for j(q) − 744 obtained in [B2] , we derive a product formula (m,n) be the free Lie algebra generated by V . Then the above product formula can be interpreted as the denominator identity for the free Lie algebra L. Applying our dimension formula to this setting, we obtain a complete recursive relation for the coefficients c(n) of the elliptic modular function j(q) − 744 (Corollary 4.2):
The above relation was obtained independently by Kang [Ka2] and Jurisich [Ju] using the theory of generalized Kac-Moody algebras. Let M be the Monster simple group and let V = ∞ n=−1 V n be the Moonshine Module for the Monster simple group M ( [FLM] ). Then, in [JLW] and [KK] , the the above relation was generalized to the relations of the coefficients c g (n) (g ∈ M ) of the Thompson series
It was pointed out in [JLW] that all the coefficients c g (n) are completely determined if the values of c h (1), c h (2), c h (3), and c h (5) are known for all h ∈ M . In particular, the above relation is a complete recursive relation determining the coefficients c(n) of the elliptic modular function j(q) − 744.
The Denominator Identity
Let Γ be a countable abelian semigroup such that every element α ∈ Γ can be written as a sum of elements in Γ only in finitely many ways. For example, the semigroup Z >0 of positive integers satisfies the above condition, whereas the monoid Z ≥0 of nonnegative integers doesn't.
Let V = α∈Γ V α be a Γ-graded vector space over C with dimV α < ∞ for all α ∈ Γ, and consider the free Lie algebra L = F(V ) generated by V . For each α ∈ Γ, let L α be the subspace of L spanned by all the vectors of the form
In this paper, we will use the denominator identity for the free Lie algebra L = α∈Γ L α to derive a closed form dimension formula for the homogeneous subspaces L α (α ∈ Γ) (cf. [Ka1] , [Ju] ), and discuss its applications to various special cases. In particular, we will derive a number of interesting combinatorial identities.
Let us consider first the general Γ-graded Lie algebras
has a Γ-gradation with finite dimensional homogeneous subspaces, and hence the homology module H k (L) inherits a Γ-gradation from Λ k (L). Therefore, by applying the Euler-Poincaré principle to (1.1), we obtain
It is well-known that
On the other hand, from the righthand side of (1.3), we define the homology space of the Γ-graded Lie algebra L to be an alternating direct sum of homology modules:
Then (1.3) can be written as
We will call (1.6) the denominator identity for the Γ-graded Lie algebra L = α∈Γ L α (cf. [KaKi] ).
The identity (1.6) is a generalization of the usual denominator identity for symmetrizable Kac-Moody algebras and generalized Kac-Moody algebras (cf. [K1] , [GL] , [B1] ). For example, let g = g(A) be a symmetrizable Kac-Moody algebra associated with a generalized Cartan matrix A = (a ij ) i,j∈I with the Weyl group W , and let g − be the subalgebra of g generated by the negative root spaces. We apply the identity (1.6) to the Lie algebra L = g − . By Kostant's formula for the homology modules over symmetrizable Kac-Moody algebras ([Ko] , [GL] ), we have
Hence the righthand side of (1.6) is equal to
which yields the denominator identity for symmetrizable Kac-Moody algebras
Now, let V = α∈Γ V α be a Γ-graded vector space over C with dimV α = d(α) < ∞ for all α ∈ Γ, and let L = α∈Γ L α be the free Lie algebra generated by V . Then, since H 1 (L) = V and H k (L) = 0 for all k ≥ 2, the homology space H is equal to H = H 1 (L) = V . Therefore, the denominator identity for the free Lie algebra L is the same as
We will derive a closed form dimension formula for the homogeneous subspaces L α of L from the denominator identity (1.7).
Let P (V ) = {α ∈ Γ| dimV α = 0}, and let P (V ) = {τ 1 , τ 2 , τ 3 , · · · } be an enumeration of P (V ). We denote by
the set of all partitions of τ into a sum of τ i 's. By our finiteness condition on the semigroup Γ, the set T (τ ) must be finite. For s ∈ T (τ ), we will use the notation |s| = s i and s! = s i ! (cf. [Ju] ). Now for τ ∈ Γ, we define a function
We will call W (τ ) the Witt partition function. Then, using the formal power series log(
and Möbius inversion, we obtain a nice closed form dimension formula for the homogeneous subspaces L α (α ∈ Γ). Theorem 1.1. (cf. [Ka1] , [Ju] ) Let V = α∈Γ V α be a Γ-graded vector space over C, and let L = α∈Γ L α be the free Lie algebra generated by V . Then we have
where µ is the classical Möbius function, and, for a positive integer d, d|α denotes
Proof. By the denominator identity (1.7), we have
Using the formal power series log(1 − t) = − ∞ k=1 1 k t k , we obtain from the lefthand side
On the other hand, the righthand side yields
Therefore, we have
Hence, by Möbius inversion, we obtain
Remark. Even though the proof of the formula (1.10) can also be found in [Ka1] and [Ju] , we include the proof here for the following reasons. First, the formula (1.10) can be extended to a dimension formula for any Γ-graded Lie algebras with almost the same proof (cf. [KaKi] ). Secondly, in the proof of Theorem 1.1, observe that the Witt partition function W (τ ) is determined by the identity
In many cases, we can use the identity (1.11) directly to obtain simple expressions of the Witt partition function W (τ ). Moreover, we will be able to derive a number of combinatorial identities from various expressions of the Witt partition function W (τ ).
The Witt Formula and its Generalization
Suppose V is an r-dimensional vector space over C, and let L = F(V ) be the free Lie algebra generated by V . For n ≥ 1, let L n be the subspace of L spanned by all the n-fold
In particular, L 1 = V . We will apply our dimension formula (1.10) to this setting. Since degv = 1 for all v ∈ V , we have P (V ) = {1}, and dimV 1 = dimV = r. Thus, for each n ≥ 1, since the only partition of n into a sum of 1's is n = n(1), we have
and the Witt partition function W (n) simplifies to
Indeed, using the identity (1.11), we have
Therefore, by our dimension formula (1.10), we obtain:
Proposition 2.1. (cf. [Bo] , [J] , [Se] ) Suppose V is an r-dimensional vector space over C, and let
L n be the free Lie algebra generated by V . Then we have
Therefore, the denominator identity (1.7) yields a product formula
Proof. By our dimension formula (1.10), we have
Remark. The formula (2.3) is called the Witt formula for the free Lie algebra on r generators ( [Bo] , [J] , [Se] ).
More generally, let V = ∞ i=1 V i be a Z >0 -graded vector space with dimV i = d(i) < ∞ for all i ≥ 1, and consider the free Lie algebra L = F(V ) generated by V . For n ≥ 1, let L n be the subspace of L spanned by all the vector of the form
We will apply our dimension formula (1.10) to this setting. Note that P (V ) = Z >0 = {1, 2, 3, · · · }, and for n ≥ 1, we have
the set of all partitions of n into a sum of positive integers. Hence the Witt partition function W (n) is equal to
Therefore, by our dimension formula (1.10), we obtain the following "1-dimensional generalization" of the Witt formula:
Now, we will consider the applications of the dimension formula (2.7) to several special cases. We first consider the case where d(i) = r for all i ≥ 1. In this case, the Witt partition function W (n) is equal to
On the other hand, we can calculate W (n) directly using the identity (1.11). Note that chV = rq + rq
Thus we have
It follows that
Therefore, we obtain a combinatorial identity:
In particular, if r = 1, we get
Let k be a positive integer ≤ n. If we compare the coefficients of r k in both sides of (2.10), we get (2.11)
Note that in the lefthand side, the sum is taken over all the partitions of n into a sum of k positive integers, i.e., over all the partitions of n into k parts.
Combining (2.9) with the dimension formula (2.7), we obtain:
L n be the free Lie algebra generated by V . Then we have (2.12)
Remark. The product formula (2.13) can also be deduced from (2.4) and (2.12).
Next, suppose d(i) = ra i (i ≥ 1) for some r, a ∈ Z >0 . Then, by (2.6) and (2.10), the Witt partition function W (n) simplifies to (2.14)
Combining (2.14) with the dimension formula (2.7), we obtain:
, and let L = ∞ n=1 L n be the free Lie algebra generated by V . Then we have
Remark. The product formula (2.16) can also be deduced from (2.4).
Combining (2.16) with (2.13), we obtain the following exchange principle:
Corollary 2.5.
(2.17)
. Now, let us consider the case where d(1) = 0 and d(i) = a(i − 1) (i ≥ 2) for some a ∈ Z >0 . In this case, the Witt partition function W (n) is equal to (2.18)
On the other hand, since
(2.20)
By (2.10), we have
It follows that (2.21)
which relates a Witt partition function associated with the partitions of n and a Witt partition function associated with the partitions of n − 1.
Moreover, let k be a positive integer ≤ n. Then, by comparing the coefficients of a k of both sides of (2.20), we get
For k ≤ n 2 , combining (2.22) with (2.11), we obtain (2.23)
], then we must have s 1 > 0, and hence (i − 1) s i = 0, which implies the above identity. Now, combining (2.19) with the dimension formula (2.7), we obtain: 
Remark. The product formula (2.25) can also be deduced from (2.4) and (2.24). When a = 2, ε = 1 + √ 2 is the fundamental unit of Q( √ 2) and (2.25) can be rewritten as (2.26)
where T r is the trace map from Q( √ 2) to Q.
Finally, suppose d(1) = 0 and d(i) = aα
for some positive integers a, α, and β. In this case, the Witt partition function W (n) is equal to (2.27)
On the other hand, note that
Now, combining (2.28) with the dimension formula (2.7), we obtain:
Therefore, the denominator identity (1.7) yields a product formula
Remark. (a) The product formula (2.31) can also be deduced from (2.4).
(b) Let a be a square free positive integer and let
. Then (2.31) can be rewritten as (2.32)
which generalizes (2.26). Here, T r and N are the trace and the norm maps from
We collect the combinatorial identities we obtained in this section in the following proposition.
Proposition 2.8.
Further Generalization
In this section, we consider 
. We will apply our dimension formula (1.10) to this setting. Note that
and for m, n ≥ 1, we have
which is the set of all partitions of (m, n) into a sum of ordered pairs of positive integers. Hence the Witt partition function W (m, n) is equal to
where |s| = s ij and s! = s ij !. Therefore, our dimension formula (1.10) yields the following "2-dimensional generalization" of the Witt formula: (m,n) be the free Lie algebra generated by V . Then we have
Now, we will consider the applications of the dimension formula (3.3) to various special cases. We first consider the case where d(i, j) = r (i, j ≥ 1) for some positive integer r. In this case, the Witt partition function W (m, n) is equal to
Therefore, we obtain a combinatorial identity (3.6)
If r = 1, we get
It follows from (2.11) that
Therefore, we obtain a combinatorial identity, which relates a Witt partition function associated with the partitions of an ordered pair of positive integers into a sum of ordered pairs of positive integers and a Witt partition function associated with the partitions of a positive integer into a sum of positive integers:
If we compare the coefficients of r k (k ≤ m, n) of both sides of (3.6), we get another combinatorial identity:
Suppose m ≥ n, and let k = n. Then (3.8) yields
Moreover, if m > n, by (2.11) and (3.7), we have
Therefore, if m > n, we obtain the following combinatorial identity: It is straightforward to check that
Now combining (3.4) and (3.5) with the dimension formula (3.3), we obtain: ,n) be the free Lie algebra generated by V . Then we have
Therefore, by letting l(m, n) = dimL (m,n) for all m, n ≥ 1, the denominator identity (1.7) yields a product formula
Next, we consider the case where d(i, j) = ra i b j (i, j ≥ 1) for some positive integers r, a, and b. In this case, the Witt partition function W (m, n) is equal to (3.12)
By (3.6), we get
Combining (3.12) and (3.13) with the dimension formula (3.3), we obtain: 
Comparing (3.11) and (3.15), we obtain the following double exchange principle which is an analogue of (2.17):
Corollary 3.5.
for some positive integers a, α, and β. Then the Witt partition function W (m, n) is equal to (3.17)
In particular, if k = 0, we get (3.23) 
Note that (3.24) can also be deduced from (3.8) and (3.22). Now, combining (3.17) and (3.18) with the dimension formula (3.3), we obtain: 
Remark. The product formula (3.26) can also be deduced from (3.15).
Product Formula for Formal Power Series
In this section, we will discuss the relation of the free Lie algebras and the product formulas for formal power series. Let Γ be a countable abelian semigroup satisfying the finiteness condition given in Section 1. Consider a formal power series
Suppose we have a product formula for the above formal power series (4.2)
for some positive integers c(α). Then the identity (4.2) can be interpreted as the denominator identity for a suitably defined free Lie algebra.
More precisely, let V = α∈Γ V α be a Γ-graded vector space over C with dimV α = d(α) for all α ∈ Γ. Then the righthand side of (4.2) can be interpreted as 1 − chV . Let L be the free Lie algebra generated by V . As we have seen in Section 1, the Lie algebra L has a Γ-gradation L = α∈Γ L α induced by that of V , and the denominator identity (1.7) for the free Lie algebra L can be written as
Therefore, the identity (4.2) is equal to the denominator identity for the free Lie algebra L = α∈Γ L α . In particular, we have
On the other hand, let {τ 1 , τ 2 , τ 3 , · · · } be an enumeration of Γ, and we denote by
Then we can apply our dimension formula (1.10) to the free Lie algebra L = α∈Γ L α , which would yield a combinatorial identity:
As an application, let us consider the elliptic modular function j. We write It is shown in [B2] that the modular function j satisfies a product formula
Observing that c(0) = 0 and c(−k) = 0 for k > 1, (4.7) can be rewritten as (
We expand the righthand side of (4.8) as follows:
Therefore we obtain a product formula (
Now, let V = ∞ i,j=1 V (i,j) be a Z >0 × Z >0 -graded vector space over C with dimV (i,j) = c(i + j − 1) for all i, j ≥ 1, and let L be the free Lie algebra generated by V . Then the Lie algebra L has a Z >0 × Z >0 -gradation L = ∞ m,n=1 L (m,n) induced by that of V , and the identity (4.9) is the denominator identity for the free Lie algebra L. Therefore, we have Combining (4.12) with (4.10), we obtain the following interesting relations for the coefficients c(n) of the elliptic modular function j(q) − 744. Remark. The relation (4.13) was obtained independently by Kang [Ka2] and Jurisich [Ju] using the theory of generalized Kac-Moody algebras. Let M be the Monster simple group and let V = ∞ n=−1 V n be the Moonshine Module for the Monster simple group M ( [FLM] ). Then, in [JLW] and [KK] , the relation (4.13) was generalized to the relations of the coefficients c g (n) (g ∈ M ) of the Thompson series
More precisely, for m, n > 0, we have (4.14) c g (mn) = d|(m,n)
It was pointed out in [JLW] that these relations completely determine all the coefficients c g (n) if the values of c h (1), c h (2), c h (3), and c h (5) are known for all h ∈ M . In particular, the relation (4.13) is a complete recursive relation determining the coefficients c(n) of the elliptic modular function j(q) − 744.
